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Abstract

The purpose of this paper is to study curvature pinching of an n-
dimensional compact totally real maximal spacelike submanifold M im-
mersed in an indefinite complex space form M, **(c). We have shown
that M is totally geodesic if the Ricci curvature R is less than or equal to
f(n—=1)(1-n—-2p), n>1, c>0. Moreover, if the scalar curvature

pgwc, n>1, c¢>0.
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1 Introduction

A submanifold of a Kaehler manifold is called totally real (resp. holomorphic)
if each tangent space of the submanifold is mapped into the normal space
(resp. itself) by the almost complex structure of the Kaehler manifold [1].
A Kaehler manifold of constant holomorphic sectional curvature is called a
complex space form.Let M be an n-dimensional totally real maximal spacelike
submanifold isometrically immersed in a 2(n+p)-dimensional indefinite com-
plex space form ]\7[5“’ (¢) of holomorphic sectional curvature ¢ and index 2p.
We call M a spacelike submanifold if the induced metric on M from that of the
ambient space is positive definite. Let J be the almost complex structure of
]\7[;” (¢) . An n-dimensional Riemannian manifold M isometrically immersed
in M7*7(c) is called totally real submanifold of M7 (c) if each tangent space
of M is mapped into the normal space by the almost complex structure J. Let h
be the second fundamental form of M in Mg*p(c) and let S denote the square
of the length of the second fundamental form h. As far as the geometry of
submanifolds is concerned, the second fundamental form plays an important
role in determining some properties of the submanifold. The purpose of this
paper is to study the geometry of an n-dimensional compact totally real max-
imal spacelike submanifold M immersed in an indefinite complex space form

M}*7(¢). Our main result is:

Theorem 1.1. Let M be an n-dimensional compact totally real mazximal space-
like submanifold of ]\7[5“’(0) . Then M is totally geodesic if the Ricci curvature
R is less than or equal to §(n —1)(1 —n—2p), n>1, c¢>0. Moreover, if

the scalar curvature p < @c, n>1, ¢>0, then M is totally geodesic.

2 Local formulas

We choose a local field of orthonormal frames {e1, ..., €n;€nt1, ..., Enip; €14 =
Jer, .. en = Jepi i)y = Jeni1, .o, €mip)s = Jenip} oM M;L*p(c) in such a
way that restricted to M, the vectors {ey,...,e,; Jeq, ..., Je,} are tangent to
M and the rest are normal to M. With respect to this frame field of M7 (c) , let
wh oo W Wt WPt e wHDE G ()* he the field of dual

g e e ey
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frames. Unless otherwise stated, we shall make use of the following convention
on the ranges of indices:1 < A, B,C,D < n+p; 1<4,5,kilm<n; ntl<
a, 3,7 < n+ p; and when a letter appears in any term as a subscript or a
superscript, it is understood that this letter is summed over its range. Besides
gi=glei,e) =g(Je, Je;)) =1, when 1 <i<n

Ea = g(€as €a) = g(Jeqn, Jeq) = =1, whenn+1<a<n+p

Then the structure equations of M (c) are;

dw? + Y pepwy Aw? =0, wa +wh =0, wh = wh wi* = wl*
dwp + Y o ecwd Aw§ = ecepRapepw® AwP,

Rapep = Secep(0acdpp — dapdpe + JacIsp — JapJpe + 2JapJep)

where Rapcp denote the components of the curvature tensor R on ]\7[:“’ (c).
Restricting these forms to M we have;

3

w* =0, wf‘zg hiw',  hi; = hj, dw’:—g w; Aw,
( J

. . . . 1
w;—l—wf:O, dw;-:—szAwf+§ZRijklkawl,
k kl

Riji = Rz’jkl - Z( whg — hahgy),  dw® = — Zw&m N wg, (2.1)
a B
1 A .
dw§ = — ;wg Awj+ 5 Ragijw' Ao,
Repij = > (Bl — hih))
k

From the condition on the dimensions of M and M]*?(c) it follows that
{€1us o Ensi €(nt1)s - - - s E(nap)s} 1S @ frame for TH(M). Noticing this, we see
that
C (0% [} [ N6}
Riju = Z(5z‘k5jl — 0udj) — Z( ikhg — hahdy) (2.2)

o

We call H = 37 trh® the mean curvature of M and S = .. (h$)? the

square of the length of the second fundamental form. If H is identically zero

ijo

then M is said to be maximal. M is totally geodesic if h=0.
From (2.2) we have the Ricci tensor R;; given by

n—1 o 1o
k ak
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Thus the Ricci curvature R is

C

R=Ri=72(n—1)+$ (2.4)

From (2.3) the scalar curvature is given by

p—ZRﬂ n_1> c+S (2.5)

Let h{;, denote the covariant derivative of hf;. Then we define hgj, by
thw = dh, +Zh,ﬂ Z+Zh wh +Zh” WP’ (2.6)
and hy = hg;. Taking the exterior derivative of (2.6) we define the second

covariant derivative of hf; by
D gt = dh + > el + Y b+ Z hewh + Z hwl(2.7)
! ! !
Using (2.7) we obtain the Ricci formula
WSy — By, = Z he,; Rt + Z he Rkt + Z hy; Rgar (2.8)

The Laplacian AR of the second fundamental form hf; is defined as Ahf; =
> i Pixr- Therefore,

AR =—(n = 1) h&+ > heh) b+ > b bl b

+ Z BhSmtts = 2 o,
Bmk Bmk

FI"OHI IA Zazg( ) = Zaijk( z]k) + Zaz] ha Aha we Obtaln

—AZ PN+ = 1) D)+ Y R

aij aijk aij afijkl (2 10)

+ Z (hloghlﬂj - hghlo})(hgihgj - hgihgj)
aBijkl
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3 Proof of the theorem

Let M be an n-dimensional compact totally real maximal spacelike submani-
fold isometrically immersed inM"*?(c) . For each a let H, denote the sym-
metric matrix (hf;) and let Sop = >, h%hfj Then the (n + 2p) x (n + 2p)-
matrix is symmetric and can be assumed to be diagonal for a suitable choice
of €pi1,. .., nip. Setting Sq = Saq = trH2 and S = > S, equation (2.10)

can be rewritten as

—AS > (h)? n—lS—l—ZSQ—l—ZtrHHﬁ—HﬁH)
aijk a,@
2
_;ﬂc o) n—lS—i—ZS n+2p
1
+ > (Sa—Sp)*+ Y tr(HoHs — HgH,) (3.1)
n+ 2p
>0 af
o \2 c 1 1 9
D (1) + (G0 = 1) e )S + o (S~ )
atjk a>f3
+ Y tr(HoHg — HgH,)?
af

From (3.1) we see that [,,3ASdv > [, mjk(hj;k 2dv + [,,(S(n — 1) +

~ +2 S)Sdv where dv is the volume element of M. By the well known theo-
rem [4], AS = 0.
Therefore, 0 > [, > (b3 )?dv + [, (§(n — 1) + n+2 S)Sdv which implies

that

c 1
/M(Z(” D+ 2pS)Salv <0 (3.2)

Thus either S = 0 implying M is totally geodesic or S < WC . This

shows that M is totally geodesic for ¢ > 0,n > 1 or 0 < § < WC
for ¢ < 0,n > 1. Using equations (2.4) and § < MC we see that
R < $(n—1)(1-n—2p)and for ¢ > 0,n > 1 M is totally geodesic. Similarly,
from equations (2.5) and S < MC we get p < Mc, n>1c¢c>0

which implies that M is totally geodesic. This proves our theorem.
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Conclusion

In this manuscript we studied curvature pinching of an n-dimensional com-
pact totally real maximal spacelike submanifold M immersed in an indefinite
complex space form Mg“’ (¢). In conclusion, we have shown that M is totally
geodesic if the Ricci curvature R is less than or equal to §(n — 1)(1 —n —
2p), n >1, ¢ > 0. Moreover, if the scalar curvature p < ”(1—2_”)0, n >

1,¢ > 0, then M is totally geodesic.
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